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Multiplicative-Invariant Geometry of the
Universe

A Geometric Principle of Universal Mass Generation

Abstract

This work proposes a new multiplicative-invariant geometric relation connecting local mass
and the global structure of the universe.

We show that

M/M T=r/R

or equivalently,

M:-R=MT 1o

defines a universal geometric relationship linking local and global physical structures.

To interpret this relation, we propose the Complex Quaternionic Spherical Oscillator
(CQSO) as the minimal ontological structure of physical existence. Combining multiplicative
invariance with time-independent phase equilibrium, we derive a universal exponential mass-
generation equation.

Within this framework, the electron, proton, and neutron are described by the same universal
generation equation and are interpreted as different geometrically selected condensation
modes. Mass is therefore understood as a geometric eigenvalue selected by time-independent

phase equilibrium.

The detailed mathematical derivations, numerical validations, and particle-eigenmode
calculations are presented in Supplementary Information.

1. Introduction

1.1 Background
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Modern physics has achieved remarkable success by describing natural phenomena through
forces, fields, spacetime geometry, and quantum states.

However, these approaches do not directly address a more fundamental question:

What universal geometric principle allows stable physical existence to emerge and
remain self-consistent?

Within the COD framework, physical existence is not regarded as an object generated along
the time axis.

Instead, existence is interpreted as a self-organized geometric structure established through

time-independent phase equilibrium, while physical laws are viewed as observable
manifestations of this underlying geometric organization.

1.2 Principal Discovery

The principal discovery of the present work is the existence of the universal multiplicative-
invariant relation

M/M T=r/R

or equivalently,

M:-R=M T ro.

This relation connects local mass and the global universe through a common geometric ratio.
From this relation, the global closure equation

2=2V3GM_T/R

naturally follows.

Together with the Complex Quaternionic Spherical Oscillator and the principle of time-
independent phase equilibrium, this relation provides the foundation for a universal mass-

generation framework.

The numerical verification of multiplicative invariance is presented in Supplementary
Information 1.
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2. Multiplicative-Invariant Geometry

2.1 Global-Local Correspondence
Within COD, every mass satisfies

M/M T=r/R

or

M-R=M T r.

Hence,

ro=(R/M T)M.

Here,

M denotes the local mass,

M_T the global reference mass,

R the global reference radius, and

[ ]
[ ]
[ ]
e 1o the intrinsic phase radius.

This relation indicates that mass and space are connected through a common multiplicative-

invariant geometry.

2.2 Global Closure

The multiplicative-invariant geometry satisfies the global closure relation

c2=2V3GM T/R.
Accordingly,

M T/R=c2/(2V3 G).
Within the COD framework,

the speed of light ¢ determines the global spatial scale,

whereas the gravitational constant G determines the corresponding global mass scale.
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Table 1. Representative Verification of Multiplicative-Invariant
Geometry in the Solar System

Applying the COD global reference pair (M_T_COD, R_COD) demonstrates that
representative Solar-System bodies satisfy the universal multiplicative-invariant relation

M/M T COD=r1,/R_COD

within numerical precision.

Body M(aks;)M Intrinsic Pl(l::ls)e Radius ro M_%\f é op ™ /R_COD Ratio
Mercury 3.301 x 10 8.4918 x 10~ 19386 x 100 12501000000
Earth  5.972 x 10°* 1.5363 x 10°2 3.5071x 102 22971 1,000000
Jupiter  1.898 x 1077 4.8826 L1146 < 10 0301000000
Sun  1.989 x 10°° 5.1167 x 10° L1681« 10= 191000000

Representative Result

Representative Solar-System bodies are normalized by the same multiplicative-invariant
geometry,

M/M T COD=r,/R_COD,

demonstrating a common geometric correspondence between local mass and the global
structure of the universe.

The complete Solar-System analysis is provided in Supplementary Information 1.

3. Complex Quaternionic Spherical Oscillator

To realize multiplicative-invariant geometry, we propose the Complex Quaternionic
Spherical Oscillator (CQSO) as the minimal ontological structure of physical existence.

Its fundamental state function is

P(O)=A(r)e™ {i®(r) }q(r).

4
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The three mutually orthogonal quaternionic axes satisfy
[i+j+k|=V3.
This structure simultaneously satisfies

o multiplicative invariance,

e quaternionic normalization, and

o time-independent phase equilibrium.

The mathematical derivation of the CQSO and its minimality is presented in the
Supplementary Information.

4. Time-Independent Phase Equilibrium

Within COD, physical existence is not generated through temporal evolution.
Instead, it is determined by stationary phase equilibrium.

The fundamental variational condition is

A[ZK;(D—D;)*]=0,

with the corresponding equilibrium condition

>Kiisin(®—d;)=0.

The recursive self-consistent organization is summarized by

A(AD)—0,

while maintaining the multiplicative-invariant condition

lcllel=ICl.

The complete variational derivation is given in Supplementary Information.

5. Universal Mass Generation

Combining multiplicative-invariant geometry with time-independent phase equilibrium yields
the universal mass-generation equation

5
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M_mode

M_T COD
(S_radial/4)
exp(—S_radialy QC_mode).

This equation applies universally to all mass modes.

The electron, proton, and neutron are therefore interpreted not as objects requiring
independent mass equations, but as distinct geometrically selected condensation modes
generated from the same universal structure.

The complete derivation and numerical calculations are presented in Supplementary
Information 2.

6. COD Standard Model

The preceding results are summarized by the recursive phase hierarchy

Global Multiplicative-Invariant Geometry
!

Complex Quaternionic Spherical Oscillator

l

Time-Independent Phase Equilibrium

!

Universal Mass Generation

!
k' Boson Support Field

!
k? Electromagnetic Phase Field

l

k* Mass Condensation Field
!
k* Complete Phase Self-Alignment

This hierarchy unifies physical existence, mass generation, and extreme condensed states
within a single multiplicative-invariant geometric framework.

Table 2. Representative Mass Generation in the COD Standard
Model
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Within the COD Standard Model, every particle mass is generated from the same universal
mass-generation equation,

M_mode

M_T COD

(S_radial/4)

exp(—S_radial y Q C_mode).

The electron, proton, and neutron therefore correspond to distinct recursive geometric
condensation modes rather than independent mass equations.

. Geometric Selection Reference Mass Relative
Particle Structure COD Mass (kg) (kg) Difference
Electron G, = 1 9.171 10758194 x 9.17093837139 X 10.018575%

10 31 10 31
Proton G, =3+ 3A2+BA? }'06;24708365 ) }'06,27262192595 . —0.009033%
= + 2 + +
Neutron (C’G)r}\3 3+3A*+(B ib§3f7675869 X 1'06—27492750056 X 0.009548%

Joint Self-Consistency

RMSE =0.0131377%

Representative Result

The electron, proton, and neutron are not described by separate empirical mass equations.
Instead, they emerge as distinct recursive geometric condensation modes generated by the

same universal exponential mass-generation equation.

The complete derivation and numerical calculations are presented in Supplementary
Information 2.

7. Discussion

The present work is not intended to replace the phenomenological framework of modern
physics.

Instead, it proposes a more fundamental geometric principle governing the generation and
maintenance of physical existence.

Within this perspective,
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o multiplicative invariance provides the universal correspondence between local and
global geometry,

o the Complex Quaternionic Spherical Oscillator represents the minimal self-organizing
ontological structure,

o and mass is interpreted as a geometric eigenvalue selected by time-independent phase
equilibrium.

This framework may provide a common geometric foundation for particle physics,
gravitation, phase engineering, and complex phase systems.

8. Conclusion

This work proposes a multiplicative-invariant geometry connecting local mass with the
global structure of the universe.

To interpret this geometry, we introduced the Complex Quaternionic Spherical Oscillator
together with the principle of time-independent phase equilibrium, from which a universal
mass-generation equation was derived.

Within this framework, the electron, proton, and neutron are interpreted as distinct
geometrically selected condensation modes generated by the same universal equation, while
mass itself is understood as a geometric eigenvalue selected through stationary phase
equilibrium.

The detailed mathematical derivations, numerical validations, and recursive particle-

generation structures are presented in Supplementary Information 1 and Supplementary
Information 2.
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Supplementary Information 1

Multiplicative-Invariant Geometry-Based Mass and
Intrinsic Radius

S1. Multiplicative-Invariant Geometry

Within the COD framework, every intrinsic mass satisfies the universal multiplicative-
invariant relation

M/M T=r/R

or equivalently,

M:-R=M T ro.

Hence,

ro=(R/M_T)M.

where

M : intrinsic mass

M_T : COD global reference mass

R : COD global reference radius
ro : intrinsic phase radius

[ ]
[ ]
[ ]
[ ]
The intrinsic phase radius is the unique geometric reference radius determined solely by the
mass through multiplicative invariance.
It represents the self-consistent geometric relationship between a local mass and the global
phase space of the universe. Every stable mass therefore possesses a unique intrinsic phase
radius satisfying the multiplicative-invariant condition.
Within COD, the Pure Mass Reference Radius is defined as
r s=2GM/c%
The intrinsic phase radius is related to the Pure Mass Reference Radius by

10
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ro =13 rs.

Thus, the intrinsic phase radius incorporates the geometric contribution of the surrounding
Complex Quaternionic Phase Field beyond the pure mass reference state.

S2. Physical Interpretation of the COD Global
Reference Pair

The global phase-equilibrium closure relation of COD is

c2=2\3-GM_T/R,

which may be rewritten as

M T/R=c2/(2V3 G).

Within the COD framework, the speed of light ¢, representing the universal propagation
structure, and the gravitational constant G, representing the universal gravitational structure,

jointly determine the global multiplicative-invariant geometry of the universe.

After imposing the joint self-consistency condition of the electron, proton, and neutron
eigenmodes, the COD global reference pair becomes

M_T,COD =1.7028151007 x 10% kg

R _COD =4.3804873821 x 10%* m.

Accordingly,

the speed of light ¢ determines the global reference radius,

while the gravitational constant G determines the corresponding global reference mass.

Together, they define the global multiplicative-invariant geometry satisfying the time-
independent phase-equilibrium closure.

S3. Solar-System Verification of Multiplicative
Invariance

Using the COD global reference pair obtained above,
11
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295 M T =1.7028151007 x 10 kg
296
297 R =4.3804873821 x 10° m,

298  the multiplicative-invariant relation
299 M/M T=r/R
300 s evaluated for representative Solar-System bodies.

301
302 Table S1. Multiplicative-Invariant Normalization of the Solar System

Schwarzsc

Body Mass M (kg) hild radius r 0=\3rs M/M_T /R  Ratio  Error
(m)
r_s (m)
Mercury 330110 99285107 ¢ 4918410+ 1.9386x10% 1.9386x10 1.0 -0.000000%
Venus  4.867x10% 2280107 55504102 2.8582x10 2.8582x10 1.0 -0.000000%
Barth 5972102 5009807 363,102 3507110 3507110 1.0 -0.000000%
Mars  6.417x10% 0307107 65084103 3.7685x10% 3.7685%10 1.0 -0.000000%
Jupiter  1.898x10 2.8190  4.8826 1.1146x102 1.1146x102 1.0  -0.000000%
Saturn  5.683x10°  0.84406  1.4620 3.3374x10%7 3.3374x107 1.0 -0.000000%

Uranus  8.681x10*  0.12893 0.22332 5.0980x107*® 5.0980x1072* 1.0 -0.000000%
Neptune 1.024x10*  0.15209 0.26342 6.0136x107>® 6.0136x107>® 1.0 -0.000000%
Sun 1.989x10%°  2954.1 5116.7 1.1681x107* 1.1681x10> 1.0  -0.000000%

303

304  Asshown in Table S1,

305  all representative Solar-System bodies satisfy
306 M/M T=r/R

307  to numerical precision.

308  This result indicates that all gravitationally bound systems share the same multiplicative-
309 invariant geometry, independent of their absolute mass scale.

310  The intrinsic phase radius therefore serves as a universal geometric measure connecting local
311 mass with the global phase space of the universe.

12
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S4. Geometry of the Complex Quaternionic Phase
Shell

The three mutually orthogonal quaternion basis vectors satisfy
li+j+kl =3,

Within the COD framework, this quantity is interpreted as the intrinsic geometric eigenvalue
of the Complex Quaternionic Phase Shell surrounding the pure mass state.

Accordingly,

A Q=13

is defined as the Quaternionic Phase-Shell Eigenvalue.
3 is not a coefficient introducing a new physical length.

Instead, it is the universal geometric eigenvalue of the Complex Quaternionic Phase Shell
surrounding the pure mass state.

The Complex Quaternionic Phase Shell represents the intrinsic geometric degree of freedom
of space generated by the surrounding complex quaternionic phase field.

Accordingly, space is not regarded as an independent physical entity but as the geometric
manifestation of the surrounding phase field.

The intrinsic phase radius and the Pure Mass Reference Radius satisfy
ro =13 rs.

Conversely,

r s=(1A3) ro.

The complementary normalization eigenvalue is therefore

A Q1=1/13,

which satisfies the multiplicative-invariant relation

AQAQ'=1.

Thus, V3 and 1/4/3 constitute a complementary geometric eigenvalue pair of the Complex
Quaternionic Phase Shell.

13
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338

339 S5. Extreme Phase Normalization: Black Hole

340  The preceding mass—phase geometry naturally explains the limiting condensed state
341  represented by a black hole.

342  Within COD, a black hole is not interpreted as a fundamentally different geometric object.

343  Instead, it represents the limiting phase-equilibrium state in which the Complex Quaternionic
344  Phase Shell becomes completely self-aligned with the Pure Mass Reference State.

345  As gravitational condensation increases,

346  the surrounding complex quaternionic phase field progressively approaches complete self-
347  alignment,

348  and the phase difference converges toward
349 AD — 0.
350 Consequently,

351  the independent geometric degree of freedom of the Complex Quaternionic Phase Shell
352  becomes completely normalized,

353  leading to

354 To

355 x (1\3)
356 !

357 rs.

358  Equivalently,
359 V3 x(1A3)=1.
360  This process does not represent the disappearance of the Phase Shell.

361  Rather, it represents the complete normalization of its independent geometric degree of
362  freedom into the Pure Mass Reference State.

363  Within COD, this limiting self-consistent state is defined as

364  6m Complete Phase Closure.

14
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In this state,
the surrounding phase field becomes completely self-aligned with the pure mass state,

forming a three-turn complete phase closure with no remaining independent phase degrees of
freedom.

Accordingly,

the Pure Mass Reference Radius

r s=2GM/¢c?

is interpreted as the universal pure mass reference associated with every mass,
whereas the ordinary intrinsic phase radius

ro =13 rs

includes the additional geometric degree of freedom of space contributed by the surrounding
Complex Quaternionic Phase Shell.

Therefore, within the COD framework, a black hole is understood as the ultimate time-

independent phase-equilibrium state in which the Complex Quaternionic Phase Shell has
been completely normalized, leaving only the Pure Mass Reference Geometry.

S7. Ontological Interpretation of Relativity

The same multiplicative-invariant geometry further suggests an ontological interpretation of
relativity.

The conserved quantity is the intrinsic mass,

whereas the surrounding phase shell is geometrically adaptive.
Accordingly,

Invariant Mass

!
Adaptive Phase Radius

!
Observable Space-Time Geometry

Within this interpretation,

15
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relativity is understood not as the relativity of the intrinsic mass,

but as the relativity of the geometric representation of the phase field surrounding an
individual mass body.

Different gravitational and dynamical conditions therefore produce different geometric
coordinate systems through corresponding changes in the surrounding phase field, while the
intrinsic mass remains unchanged.

This interpretation suggests that the mathematical structure of relativity represents the
geometry of adaptive phase fields associated with invariant masses.

A complete mathematical formulation and detailed comparison with General Relativity are
beyond the scope of the present work and will be presented separately.

Supplementary Information 2

Geometric Mass Generation Structure of the COD
Standard Model

This Supplementary Note presents, in a stepwise form, how the electron, proton, and neutron
mass eigenvalues are generated from a common framework of time-independent phase
equilibrium and multiplicative-invariant geometry in the COD Standard Model.

Within COD, mass is not treated as an independently assigned fundamental quantity. Instead,
it is interpreted as a geometrically selected condensation eigenmode arising from the joint
structure of complex dual energy, the self-organization of the Complex Quaternionic
Spherical Oscillator, quaternionic spherical eigengeometry, multiplicative invariance, and the
time-independent phase-equilibrium variational condition.

The overall induction structure is

Complex Dual Energy
S=P+iQ
P=1Ql

!

Complex Quaternionic Spherical Oscillator

l

Quaternionic Spherical Eigengeometry
i+j+kl=13
16
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l

Multiplicative-Invariant Geometry
M mode/M_T =r1ro mode/R

l

Time-Independent Phase-Equilibrium Variational Principle
A[Z Ki(D; — Dj)*] =0
Zj Kij sin((I)j - (Di) =0
!
Global Closure

2=2V3GM_T/R

!
COD Global Reference Pair

M T,R
!

Universal Mass Generation

Electron / Proton / Neutron

This hierarchy condenses the geometric-generation structure already presented in the
Supplementary Note into a single mass-generation sequence.

Supplementary 2.1

Geometric Mass Generation in the COD Standard Model

2.1.1 Complex Dual Energy and the Complex Quaternionic Spherical
Oscillator

The starting point of COD is the complex dual-energy structure
S=P+iQ.
Under phase equilibrium,

P=1QI.

Here, (P) represents the global real-energy structure, whereas (Q) represents the local
quaternionic phase degrees of freedom.

A stable physical entity is defined as a Complex Quaternionic Spherical Oscillator in
which these complex dual-energy components are self-consistently closed. This ontological
starting point is also presented as the first stage of the mass-generation hierarchy in the
current Supplementary Note.
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The three mutually orthogonal quaternionic axes satisfy

li+j+kl =3,

Accordingly,

A Q=13

is taken as the fundamental eigenvalue of the complex quaternionic spherical geometry, while
y Q=13/2

is used as the quaternionic phase-equilibrium coefficient in the mass-generation equation.

2.1.2 Multiplicative-Invariant Mass—Phase-Radius Correspondence

Every mass mode is related to the global reference mass and radius through

M mode/M T

r=o_m0de /'R,

or equivalently,

M _mode - R

;/I_T * To_mode.

Hence,

ro_mode

(_R /M_T)M_mode.

Here, (ro_{\text{mode} }) denotes the intrinsic phase radius of the corresponding mass mode.
This relation connects local mass and global phase space through the same geometric ratio
and therefore provides the global-local correspondence underlying the COD mass-generation

structure. The same multiplicative-invariant relation is used as the central geometric relation
in the current Supplementary Note.

2.1.3 Time-Independent Phase-Equilibrium Variational Condition
18
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Within COD, a mass mode is not selected by a time-evolution equation. It is selected by the
time-independent phase-equilibrium condition.

The basic variational condition is

A[Z Ki(®i — ©;)*] =0,

with the corresponding phase-equilibrium condition

% Kjj sin(®; — @;) = 0.

These relations describe a geometric equilibrium in which phase imbalance among the
constituent phase components is removed and the entire complex quaternionic structure

reaches a self-consistent state.

Mass generation is therefore interpreted not as a temporal accumulation of particles, but as
the selection of stable condensation eigenmodes permitted by the phase geometry.

2.1.4 Global Phase-Equilibrium Closure and the COD Global Reference Pair

The complex quaternionic eigengeometry and multiplicative-invariant phase equilibrium lead
to the global closure relation

&
?@ GM T/R.
Thus,

M T/R

:2 / (23 G).

Within COD, the precisely measured natural constants (c¢) and (G) are used as the reference
quantities fixing the global mass—space ratio of the universe.

After imposing the joint self-consistency condition of the electron, proton, and neutron mass
eigenmodes, the current COD global reference pair is

M T COD

1.7028151007 x 105 kg
R _COD

19
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4.3804873821 x 10*° m.

These are the values used in the main calculation section of the current Supplementary Note.

Within this interpretation, (c) primarily fixes the global spatial scale, whereas (G) determines
the corresponding global mass scale required for the time-independent phase-equilibrium

closure.

Supplementary 2.2

Geometric Induction of the Universal Mass-Generation

Equation

The central step in the COD mass-generation structure is to express the multiplicative-
invariant mass ratio in terms of spherical geometry and a mode-dependent exponential

condensation action.
The universal mass-generation equation is
M mode/M_T COD

ro mode /R _COD

(S_radial / 4)
exp(—S_radial y Q C _mode).

Therefore,

M_mode

M_T COD

(S radial / 4)

exp(—S_radial y Q C_mode).

Each factor has a distinct geometric role:

S radial

Universal Radial Geometry
v Q
Quaternionic Equilibrium Coefficient

20
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580

581

582

583

584
585

C _mode

Local Condensation Eigenstructure

S mode

IT/Iode Condensation Action

These names are already collected in the current Supplementary Note.
The mode-condensation action may therefore be written as

S mode

g_radial v_Q C mode,

so that the universal mass-generation equation becomes

M mode

IT/[_T_COD

(S_radial / 4)

exp(—S_mode).

The essential point is that all mass modes are generated from the same global equation. The

distinction among different particles enters only through the geometric selection structure
(C_{Mext{mode}}).

2.2.1 Electron Reference Mode

The electron is defined as the minimum self-consistent reference mode in the mass-
generation hierarchy.

Ge=1

and

C e=p e=47/48.
Hence,

M e COD

21
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586
587
588

589

590
591
592

593

594
595
596

597

598
599
600
601

602

603
604
605
606

607

608

609

610
611
612

613

614
615
616
617
618

M T COD

(S radial / 4)

exp[—S radial y Q (47/48)].
The current calculation gives
M e COD

;.1110758194 x 107" kg,
with the relative difference

d e

:0.0185754%.

The intrinsic phase radius of the electron follows from multiplicative invariance:
o €

R _COD
(M_e COD/M_T COD),

giving

To €

2.3438218658 x 10" m.

Supplementary 2.3

Recursive Geometric Selection Structure

Beyond the electron reference mode, the proton and neutron are defined as additional
recursive quaternionic condensation modes built upon the same universal mass-generation
structure.

The mode-dependent condensation eigenstructure is expressed as

C _mode

B e

In(G_mode)/(S_radial y Q).
22
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619

620
621
622

623
624

625
626
627
628
629
630
631
632
633
634
635
636
637
638
639
640
641
642
643
644
645
646
647
648

649
650

Substitution into the universal mass-generation equation gives

M _ mode

M e G_mode.

Thus, (G_{\text{mode} }) acts as the recursive geometric selection structure of the
corresponding mass mode rather than as an independently introduced empirical mass ratio.

Proton

For the proton,

G_p

;Jr 3A%+ BA®.
Using

A=11

B =53/48,

one obtains

Gop

1835.6458333333.

Therefore,

Cop

47/48

In(G_p)/(S_radial y Q),

and

M p COD

IT/[_e_COD G p,

or equivalently,

M p COD

! 23

© 2026 InnolLab Science Institute (ISI) CC BY-NC 4.0

https://udynamics.net/en/



651
652
653

654
655
656
657
658
659
660
661
662
663

664
665

666
667
668
669
670
671
672
673
674
675
676
677
678
679
680

681
682

M_T COD

(S_radial/4)
exp(—S_radial y Q C p).
The calculated value is
M p COD
1.6724708365 x 107" kg,
with

6_p

—0.00903309%.

The intrinsic phase radius is

o P

;.3024268421 x 1075 m.
Neutron

For the neutron,
Gn

;Jr 3A?+ (B +g)A3,
with

e=1/528.

This gives

G n
T838.1666666667.
Therefore,

Cn

47/48

In(G_n)/(S_radial y Q),
24
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683
684
685
686
687
688
689
690
691
692
693
694
695
696
697

698
699

700

701

702

703
704

705

and

M n COD

IT/[_e_COD G n.

The calculated value is

M n COD
T.6747675869 x 107%7 kg,
with

o n

—0.00954750%.
The intrinsic phase radius is
To N

4.3083352264 x 10~* m.

Supplementary 2.4
Mass-Generation Results of the COD Standard Model

At this point, Table S2 serves only as a compact summary of the results and does not repeat
the preceding derivation.

Table S2. COD Standard Model Based Mass—Energy Generation Structure

Experimental
. COD Mass /Standard .. Interpretatio
Category  COD Expression Value Reference Difference n
Value
Jointly self-
Global M T COD consistent
Reference M T COD/R COD= = o __ multiplicative
Pair c/(2V3G) 1.702815100 -invariant
7 x10% kg global

reference pair

25
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706

707
708
709
710
711
712
713
714
715
716

717
718

719

Experimental

. COD Mass /Standard .. Interpretatio
Category  COD Expression Value Reference Difference n
Value
Universal
Universal M_mode/M_T COD = generation
Mass ro_ mode/R_COD = o o ___equation
Generatio (S radial/4)exp(—S_radi common to
n al y Q C _mode) all mass
modes
Minimum
self-
_ _ 9.111075819 9.1093837139 +0.018575 consistent
Electron G e=1,C _e=47/48 4% 10 kg % 10 kg %% mass-
condensation
mode
Recursive
Proton G p=3+3A2+BA3= 1.672470836 1.6726219259 —0.009033 geometric
1835.6458333333 5x10%kg 5x10% kg % condensation
stable mode
Recursive
— 2
Gn=3 J:?’A - 1.674767586 1.6749275005 —0.009548 neutral
Neutron  (B+e)A° = 9x 102 kg 6% 102 kg % completion
1838.1666666667 mode

These numerical values correspond to the final calculation section of the current file.
The joint self-consistency residual of the three particle modes is

RMSE

f/[(é‘)_e2 +0_p?>+ 93 n?/3],

giving

RMSE

;.013 1377%.

Thus, with the current COD global reference pair, all three relative residuals satisfy

|0_mode| < 0.02%.

26
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720  Supplementary 2.5
721 Recursive Phase Hierarchy of the COD Standard Model

722 The universal generation structure is not restricted to particle masses.

723 Within COD, the physical structures of nature are extended into the following recursive phase
724 hierarchy:

725  Universal Mass—Energy Generation

726

727 v

728 k!

729  Boson Support Field
730 X TN(1)

731

732 Planck-scale Complex Quaternionic
733 Spherical Oscillator

734 One-turn Eigenmode

735

736 |

737 v

738 k?

739  Electromagnetic Phase Field

740 X T™(2)

741

742 Complex Electromagnetic Structure
743 derived from

744 S=P+iQ

745  P=1Ql

746

747 |

748 v

749 k3

750  Mass Condensation Field
751

752  Electron

753  Proton

754  Neutron

755

756 |

757 v

758 k*

759  Black-Hole Phase Field
760

761  Complete Phase Self-Alignment
27
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762 AD — 0

763  The current Supplementary Note similarly organizes the hierarchy as the (k*1) boson support
764  field, (k"2) electromagnetic phase field, (k*3) electron—proton—neutron mass-condensation
765  field, and (k”*4) black-hole complete phase self-alignment.

766 At the present stage, however, the absolute energy eigenvalues of the (k*1) and (k*2)

767  structures remain at the proposal stage, whereas explicit numerical mass-generation

768  verification is performed for the (k*3) electron, proton, and neutron modes. This distinction is
769  also recorded in the existing Supplementary Note.

770

771 Core Conclusion of Supplementary Note 2

772 Within the COD Standard Model, the electron, proton, and neutron do not require
773  independent mass equations.

774 All three modes are generated by the same time-independent multiplicative-invariant mass-
775  generation equation,

776 M _mode

777 =

778 M_T COD

779  (S_radial/4)

780  exp(—S radial y Q C_mode).

781  The differences among the particle modes arise only through the recursive quaternionic
782  geometric selection structure

783  G_mode

784  and the corresponding

785  C _mode.

786  The COD mass-generation structure may therefore be summarized as

787  Global Multiplicative-Invariant Geometry

788 +

789  Complex Quaternionic Spherical Eigengeometry
790 +

791 Time-Independent Phase Equilibrium

792 l

793  Universal Exponential Mass-Generation Equation
794 |

28

© 2026 InnolLab Science Institute (ISI) CC BY-NC 4.0 https://udynamics.net/en/



795  Mode-Dependent Recursive Geometric Selection

796 |

797  Electron / Proton / Neutron

798  One editorial point should be preserved during final cleanup: older reference-pair values
799  remain in a few parts of the uploaded draft. For example, one section still contains

800 (M _{T,\mathrm{COD}}=1.7047437164\times10"{53},\mathrm {kg}), whereas the current
801  main calculation uses (1.7028151007\times 10" {53 },\mathrm {kg}). Older residual statements
802  also remain in the Korean editing material.

803  For the final version, the document should therefore be standardized throughout to

804 M _T COD=1.7028151007 x 10> kg

805

806 R _COD =4.3804873821 x 10** m

807
808 RMSE =0.0131377%.

809

810

811

812

813

814

815

816

817

818
29
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909

910

911

912

913

914
915

916

917

918

919

920

M/M T COD=r1,/R_COD

MM HE M (kg) 15 44t
=M 3301 x 10® 8.4918 x 104
K| 5.972 x 10* 15363 x 102
2 1.898 x 107 4.8826

Ef Q¥ 1.989 x 10 5.1167 x 10°

Q9
HEX Ol EjQH HASS BE SUASH SAEH 7|

M/M T COD=r1,/R_COD

|0

2 2XHOZ DIESIC}

=

A ro(m) M/M_T_COD ro/R_COD

1.9386 x 107°
3.5071 x 107*°
1.1146 x 107%¢
1.1681 x 107>

H| &

1.9386 x 107*° 1.000000
3.5071 x 107*° 1.000000
1.1146 x 1072¢ 1.000000
1.1681 x 107>* 1.000000

A EfYA AL ZIt= Supplementary Information 1 O X|A|SHZCL.

B(=AT) () (1)
o|ct.
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li+j+k|=V3
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Table 2. COD EE=RElo] X2k MM Zd7}

Table2. COD BEER S| HH ZTF M4 Al (Representative Mass Generation in
the COD Standard Model)

2E IYRCL Lo B T M4
M mode
M T COD

(S_radial/4)
exp(—S_radial y Q C_mode)

C2RH dgECt

A% 7Ist ME 7= cop 2 kg ZIE HF¥ kg LU 2%
X Ge=1 9.1110758194 x 10" 9.1093837139 x 10 +0.018575%

A ARG, =3 +3A2+BA? 1.6724708365 x 1077 1.67262192595 x 1077 —0.009033%

Go=3+3A2+(B+

£)A’ 1.6747675869 x 10727 1.67492750056 % 1077 —0.009548%

37

© 2026 InnolLab Science Institute (ISI) CC BY-NC 4.0 https://udynamics.net/en/



g 2%t

35 I8

993

RMSE =0.0131377%

994

996

MHH 7|5 S=EE=0|0

2 dHAC2REH MEE= Mz CHE

PN |
=

G

=]

=]

997

11742 Supplementary Information 2 Of

—

A
(dl

998

M AISHALE.

999

1000

OfL|Ef.

1003

L S

x5

X Xp7|x

s

-
o
=

P

7|5

Of Z+HolM

1006

1007

TA
ki
J|d

=4 HELY THTSK

1008

mo

ol

1009

&8tS OtLte

5]
=

48 el Ofeiof A ol

1011

1012

Y

8. &

1013

FRACE.

40
ol

¥

715tE A

Gl
T

{[o
J|d

4

1014

38

CC BY-NC 4.0 https://udynamics.net/en/

© 2026 InnolLab Science Institute (ISI)



1015
1016

1017
1018
1019

1020
1021

1022

1023

1024

1025
1026
1027

1028

1029
1030

1031
1032

1033

1034
1035

1036
1037
1038

1039

1040
1041

1042
1043

1044

O Ha EAL YMA U SMRE SUs MMA0M MEEls M2 o2
J|tetE exme e SMED, WS NS YMBHO| Mgl J|s1etH
a937toz osjEct

References

1. Hamilton, W. R.
Elements of Quaternions.
Chelsea Publishing, New York (1866).

Relevant to: Section 3 (Complex Quaternionic Spherical Oscillator)

2. Hamilton, W. R.
Lectures on Quaternions.
Hodges and Smith, Dublin (1853).

Relevant to: Section 3 (Quaternionic Geometry)

3. Noether, E.

Invariante Variationsprobleme.

Nachrichten von der Gesellschaft der Wissenschaften zu Gottingen,
235-257 (1918).

Relevant to: Section 4 (Time-Independent Phase Equilibrium)
4. Dirac, P. A. M.
The Principles of Quantum Mechanics.

Oxford University Press (4th ed., 1958).

Relevant to: Sections 3—5 (Quantum States and Eigenvalue Structures)
39

© 2026 InnolLab Science Institute (ISI) CC BY-NC 4.0 https://udynamics.net/en/



1045
1046

1047
1048

1049

1050
1051

1052
1053

1054

1055

1056

1057

1058

1059

1060

1061

1062

1063

1064

1065

1066

1067

1068

5. Penrose, R.
The Road to Reality: A Complete Guide to the Laws of the Universe.
Jonathan Cape (2004).

Relevant to: Sections 2—6 (Geometry, Spacetime, and Mathematical Structures)

6. Ryoo, J. K.
COD Standard Model Based on the Complex Quaternionic Spherical Oscillator.
InnoLab Science Institute (2026).

Relevant to: Supplementary Information 1-2.

Supplementary Information 1

SAEH 7|3t 7|Ee| 1Q WD MY TX

S1. 4= 7|5 X (Multiplicative-Invariant
Geometry)

CODOME RE HFTO0| HEHXNQ SAEH {UAE THFSICHD FHO|sHCt
M/M T=r/R
=
M-R=MT 1o
[h2tA],
ro=(R/M T)M
40

© 2026 InnolLab Science Institute (ISI) CC BY-NC 4.0 https://udynamics.net/en/



1069

17| M

1070

F(Intrinsic Mass)

M T:COD MY 7|&

1071

F(Global Reference Mass)

pN|
=3

1072

R:COD ™Y 7|ZEHHE(Global Reference Radius)

1073

(Intrinsic Phase Radius)

1074

OfCf.

1075

30|Ct.

12

o

KK

7|

1077

1078

4|

ojru

4

L=]
=

7| Z= 8t (Pure Mass Reference Radius)

r s=2GM/ ¢?

1081

okt

2 39

1082

J|d
K

M|

o

KH

4

w0
K

4
<

o[
RO

o

-

<0

oF
ﬂ_

1083

rn=V3rs

1084

5

1085

| 715k

AbXFO
o o—

HEdS seiMeE =2 FHEHUS 9

=
7|T'__

F

=
o

K

1088

S2.COD MY 7|40 =2|H 2|0

1089

41

CC BY-NC 4.0 https://udynamics.net/en/

© 2026 InnolLab Science Institute (ISI)



1090

1091

1092

1093

1094

1095

1096

1097

1098

1099

1100

1101
1102
1103

1104

1105

1106

1107

1108
1109

1110
1111

COD 2| T mgal2
2=2V3-GM_T/R
O|H,

Ol= Ciz1t 0] #3ig 4 ACL

rir

M T/R=c?/(2V3 G)

COD QM=

2o| [ah F=F LIEtLE XY c 2t

X LER X SMHXGS 35 AH
COD o] MY 7|E/2
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1118
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1122
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S3. E{EA S Sit=H

o HojAM 20{T cop MY 7|EY
M_T = 1.7028151007 x 105 kg

R =4.3804873821 x 10** m

Table S1. CHEX QI EfFA| H A0 CHt

Schwarzsc

H
=

=
o

o[>

M=

Body Mass M (kg) hild radius r 0=\3r s
(m)
r_s (m)
Mercury 3.301x102  +9928%107 g 49185104
Venus  4.867x10%¢ 22805107 1 h50x10-2
Barth  5.972x10%¢ 50098107 5363102
Mars  6417x102 0307107 6508x10-2
Jupiter  1.898x10% 2.8190  4.8826
Saturn  5.683x10°°  0.84406  1.4620
Uranus ~ 8.681x10°  0.12893  0.22332
Neptune 1.024x10%  0.15209  0.26342
Sun 1.989x10%  2954.1  5116.7
Tablel 0| A EXO0|,
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M/M_T

1.9386x107%

r/R

1.9386x107%

2.8582x107% 2.8582x107%

3.5071x107* 3.5071x10*°

3.7685x107%° 3.7685%x107%°

1.1146x107%¢

1.1146x107%¢

3.3374x107%" 3.3374x107*"

5.0980x107#
6.0136x10
1.1681x107%
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5.0980x10#
6.0136x107%

1.1681x107%

H=

O o
Ratio Error
1.0 -0.000000%
1.0 -0.000000%
1.0 -0.000000%
1.0 -0.000000%
1.0 -0.000000%
1.0 -0.000000%
1.0 -0.000000%
1.0 -0.000000%
1.0 -0.000000%
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